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The class of energy representations of the group &?(X, G) of compactly supported 
smooth mappings from a manifold X into a compact semisimple Lie group G is 
substantially enlarged in the following two ways. One consists of when X has a 
Riemannian structure, to extend the work of Vershik, Gelfand, and Graev 
(Compositio Math. 35 (1977), 299-334; 42 (1981), 217-243), see also (Albeverio, 
Htiegh-Krohn, and Testard, J. Funct. Anal. 41 (1981), 378-396); it is shown that 
each pair @,M), where p is a strictly positive continuous density on X, and M a 
subbundle of the tangent bundle of X, gives rise to an energy representation CJO,, of 
g(X, G) which is irreducible if dim(X) 2 3. The other, entirely new, does not 
require a Riemannian structure on X: a volume measure m on a smooth manifold X 
with Euler number e(X) = 0 being given, each pair @, <), where p is a strictly 
positive continuous density on X and 5 a nonvanishing continuous vectorfield on X, 
gives rise to a new energy representation IZLdm of g(X, G) which is irreductible if 
dim(X) > 3. Conditions of unitary equivalency of the U,,,W as well as the Ilk*,, are 
given. 
INTRODUCTION 
Let g(X, G) be the set of compactly supported P-mappings from a Cm- 
manifold X into a compact semisimple Lie group G; endowed with a 
Schwartz topology and with the pointwise product it is a topological group 
caled a current group. 
(a) Until now, the only nonlocal and irreducible unitary represen- 
tations of 2Z(X, G) we knew were the ones constructed by Ismagilov [7] and 
Vershik et al. [IO, 111 and which, ulteriorly, were the subject of extensive 
works by Albeverio et al. (l-31. More precisely, when X is endowed with a 
Riemannian structure, to each pair @, M) consisting of a Cm density p of X 
and of a subbundle M of the tangent bundle TX of X, the authors above 
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associate a nonlocal unitary representation U,,, of order 1 of 9(X, G). In 
[ 10, 1 l] the irreducibility of UO,M, and conditions about unitary equivalence 
of such representations, are given when dim(X) > 4, as well as the 
reducibility of U,,, when dim(X) = 1. The irreducibility of U,,, was 
extended to the case dim(X) > 3 (and even, under some additional 
conditions, to the case dim(X) > 2) in [2]. In all those works, some results 
about disjointness of Gaussian measures on Schwartz spaces take a very 
important place. 
(b) Section I is devoted to the study of the disjointness of Gaussian 
measures (and their convolution with a Poisson measure) on the Schwartz 
space g’(a), where R is a bounded cube in m”, n > 3, induced by Dirichlet 
forms [4,6], the intervening coefficients being only continuous functions; it 
is a strengthening of the results of [2, Theorem 4.1 and corollaries] about 
Dirichlet forms with C”-coefficients. 
(c) Section II is devoted to the enlargement of the class of the energy 
representations U, ,M, when X is endowed with a Riemannian structure, by 
taking densities p which are assumed only continuous. The results of 
Section I and works [2, 111 are then used to prove the irreducibility of U,+, 
when dim(X) > 3 and to prove that 17,,,,,~ and Up,,M2 are unitarily equivalent 
if and only if pi = pz and M, = M, ; we call the U,,, generalized energy 
representations. 
(d) When X is only assumed to be endowed with a volume measure m, 
the construction of the U,,, is not possible. Section III is devoted to the 
construction of a new kind of energy representations of @(X, G). More 
precisely it is shown that, when the Euler number e(X) is zero, each pair 
@, 0, consisting of a strictly positive and locally dm(x)-measurable function 
p on X and of a continuous nonvanishing vectorfield < on X, gives rise to a 
nonlocal unitary representation L$ dm of order 1 of @(X, G) which appears 
as a partial energy representation. In particular it is shown that when X is 
endowed with a Riemannian structure inducing the volume measure m, then 
ch is unitarily equivalent o the energy representation U,,l,Ill, where [r] is 
the subbundle of TX generated by <, and ps the density x -+ 1 r(x)]: . p(x). 
(e) Section IV is devoted to the study of L$,, in a general case, 
namely when X is not assumed to be endowed with a Riemannian structure 
and for continuous densities. 
As for the U, M, it is proved that IZ:,,,, is irreducible when dim(X) 2 3; 
conditions on unitary equivalence of such representations are also given. 
Some problems remain open: 
In the case dim(X) = 1, Hi dm w U,,c,Tx, so that l7:,, is reducible; what 
happens for dim(X) = 2? 
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Do the results about irreducibility of the n:,, remain true when we take 
for < a nonvanishing vectorfield &n(x)-square measurable? 
What are the results about irreducibility of Z7:,,,, when, instead of a 
continuous density, p is only a locally &(x)-measurable and strictly positive 
function on X, or when r is such that r(x) = 0 for some x in X? 
When X is not Riemannian, do nonlocal unitary representations exist 
(and, if possible, irreducible!) other than the 17:,,,,? 
I. PRELIMINARY TECHNICAL RESULTS ABOUT DIRICHLET FORMS 
AND RELATED GAUSSIAN MEASURES 
(a) Let B # 0 be an open ball or a bounded open cube in IR”, and let 
A be a continuous mapping from B into the space of n X n real symmetric 
matrices, such that, for all x in B, ,4(x) = (u~,~(x)) is positive definite. As all 
norms in IR” are equivalent, from the continuity of A it follows that it exists 
an open cube SI # 0 with closure b c B, and two real numbers m,(Q) > 0 
and M,.,(a) > 0 such that, for all x in R 
m,(Q) 1 <A(x)<M,#) 1, (1) 
where 1 is the n X n unit matrix. Moreover, if R’ is an open cube contained 
in a, one has m,(.Q’) > m,(0) and MA (a’) < MA@). 
Let dx be the Lebesgue measure on 0, let W#2) be the Sobolev space 
where the derivative are taken in the distributional sense, and let I#$2) be 
the completion of the Schwartz space Q(fl, IR) of D-valued and compactly 
supported P-mappings on J2, according to the Sobolev norm 11 112,1. The 
matrix-valued mapping A gives rise to an inner product on g(Q, IR) (in fact, 
in #‘2,i(fi)) given by 
(“,u)+x((u,U)=J^ 5 Ui,j(X)$gdX, 
fl i,j=l J 1 
and to the generalized Laplacian L,, such that 
(-L, 24, v) = A(u, u), 24 E Pi$&2), u E q2, W). (4) 
Moreover, A gives rise to the standard Gaussian measure pclA on 9’(a) with 
Fourier transform 
DA :zf + bA(u) = exp(- $A(u, 24)). (5) 
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LEMMA 1. Let A and f2 be as above. 
(i) A’ is a Dirichlet form on L*(Q, dx). 
(ii) -L, is invertible. 
Proof: (i) From (1) and (3) it follows that for all u in k’*,,(Q) 
m,(n)IIull:,l~A”(u,u)~M,(n)IIuII:,l; as the components of A are 
bounded measurable functions on R, the assertion follows from 161. 
(ii) From the same reasons it follows that the Dirichiet problem for the 
elliptic equation (-L, u, v) = (f, v} h as nice data, and hence, from Theorems 
5.1 and 5.2 of [8], it follows that -L,” is well defined on Q(0, R). 
LEMMA 2. Let B be an open ball in R”, let A be a continuous mapping 
on B and taking values in the space of real symmetric and positive definite 
n x n matrices, let p1 and pz be two different continuous and strictly positive 
densities on B, and let A, = pkA, k = 1,2. A bounded open cube 52 # 0 exists 
such that fi c B and having the following property: a Bore1 set P in D’(fi) 
exists such that puA ,(P) = 0 and pu, (P) = 1. 
Proof: As p1 # p2, it exists x0 in B such that p,(xJ # p2(xo); without loss 
of generality, one can assume that E = pz(xO) - pI(x,) is > 0, and that 
A(x,) = Il. Now, due to the continuity of A, we can find an open 
neighbourhood LY of x0 in B such that, for all x in R” 
and such that 
~AVV/mAP) < P~(~~YP&~)~ 
particularly one has 
P~(-G[~,W) - m,WYl < +.dW. (6) 
From (6) it follows that one can find a suffkiently large integer p such that 
(P - 1) m,W) > MAW, 
p,(x,)[M,(RO) -m,(W)] < e[m,(Q"> - (m,(fV + ~AWo>)/PIT 
(7) 
and hence such that 
[P~(TJ + 4~1 MA(Qo) < bl(xo> + (P - 1)/p. El m,(W (8) 
Moreover, from the continuity of p1 and p2, it follows that one can find an 
open cube 0 such that 
(x,}dcfid”cB, 
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and such that for all x in Q 
lPl(X) - Pl(%)l < E/P and IPdX) - PAXo)l < e/P; 
as E =p2(x,,) -pi(x,J it follows that, for all x in R 
PI(X) < Plh> + E/P < Pl(X0) + HP - 1)/P =pz(xJ - E/P < p*(x)* 
Hence 
sup PI(X) G Pl&l> + E/P < Pl(X0) + e(I) - 1 )/P < j;f, PI(X). XEO 
(9) 
Now, as s1 c Q’, one has m,(.Q’) < mA(J2) < MA(Q) < MA(Q’); from the 
inequality mA(Q) 1 < A(x) < MA(Q) 1, x E ~2, it follows from (9) and from 
the fact that A, = p,J, k = 1, 2, that, for all x in 0 
where 
01 = lPl(XO) + E/PI MA(a) < 6 = IPI + &(P - 1)/P] mA(Q>* 
By Proposition A. 1 of [3], inequality (10) is a sufficient condition to assert 
the existence of a Bore1 set P in g’(Q) such that pAI = 0 and p,,(P) = 1. 
LEMMA 3. Let B be an open ball in R”, n > 3, and let A, p,, pz, and R 
be as in Lemma 2. A Bore1 set Q in g’(0) exists such that 
(9 iuA,(Q) = 1; 
(ii) p*,(Q + ad,) = 0, k = 1,2, for all x in R and all real a # 0, where 
A, = p,A, k = 1,2, and where 6, is the Dirac measure at x. 
Prooj Lemma 3 is a strengthening of Theorem 4.1 of [2], where the 
same result is proved under the stronger assumption of the smoothness of A, 
p,, p2 (instead of the assumption of continuity). In the proof of that 
Theorem 4.1, the condition C”O appears in only two points. 
(a) The first point, where the hypothesis of smoothness i  used, is that 
which claims the existence of the inverse of the operator -LAk and of its 
kernel, k = 1,2; but, as was shown in the Lemma 1, the assumption of 
continuity of A, pl, and p2 is sufficient to claim that existence. 
(b) The second and last point is that which uses the disjointness ofpA, 
and pA2 (which was proved in the proposition of Section 4 of [lo] in the case 
of A, pl, p2 of C”-class). But Lemma 2 asserts that the disjointness of pa, 
and pA2 remains true with only the assumption of continuity of A, pl, and pz. 
The proof of Lemma 3 is hence achieved. 
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II. THE GENERALIZED ENERGY REPRESENTATIONS U,,, 
OF A CURRENT GROUP 
(a) Throughout this paper, G is a compact semisimple Lie group with 
Lie algebra g endowed with the scalar product ( , )G and norm / Ic given 
by -X, where K is the Killing form of Z, X is a P-manifold, and g(X, G) 
denotes the set of compactly supported P-mappings on X and taking values 
in G, endowed with the structure of topological group given by the Schwartz 
topology of g(X, g) = Cr(X, Y) and the pointwise multiplication. 
(b) In this section the manifold X is supposed to be endowed with a 
Riemannian structure; m denotes the induced volume measure, and for each 
x in X, ( , ), and ] Ix denote the induced inner product and the induced 
norm on the tangent space T,X. 
Let A(X) be the set of strictly positive and locally &r(x)-measurable 
functions on X, each p in A(X) gives rise to an inner product ( , ), on the 
space g,(X, .Y) of compactly supported smooth l-forms on X and taking 
values in Y by 
(w, w’& = 1 x tr[w*(x) . o’(x)] p(x) &r(x), (11) 
where, for each x in X, o*(x): ,Y --t T,X is the adjoint of the element w(x) of 
Hom(T,X, Y). 
(cl Let M= U,,, M, be a nonzero subbundle of the tangent bundle 
TX= UxeX T,X ofX. 
To each such subbundle M the subspace 
g’(x,Q,= {oE~*(X,~)/VxEX,~(x)l,~=0}, (12) 
is associated, where M,i is the orthogonal complement of M, in T,X. Here 
w + uM, where wy is given by 
%4(x) IM, = w(x) IY, and %M(X) IM,i = 0, x E x, (13) 
is the orthogonal projection of gi(X, g’> on 23,(X, ?Q,, according to the 
inner product ( , ), , for all p in li (X). 
(d) Let X, G, M and p be as above. For all g in 63(X, G) the operator 
V,(g) on gi(X, Y)M, such that for any l-form w, V,( g)w is the l-form 
x -, VM(g) w(x) = Ad g(x) 0 u(x), (14) 
where Ad is the adjoint representation of G in Y’, leaves invariant the inner 
product ( , ),. We extend V, by transposition into a representation again 
denoted V,, of PZ(X, G) in the dual space ‘3;(X, 9),+, by 
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Moreover the Maurer-Cartan cocycle b: g + dg a g-‘, which is a 1-cocycle 
for the representation V = V,, [9] gives rise to a 1-cocycle b, for VM by 
4,: g + b(g),. (16) 
We have hence all the data to get (following the general procedure 
described in [5,9]), a unitary representation of exponential type U,,, of 
%Y(X, G). More precisely let ,u,+, be the standard Gaussian measure on 
.@;(X, Y), according to the scalar product ( , )p, i.e., with Fourier 
transform p,,, given by 
&,d~) = ew- fb WI,]; (17) 
u p4M is a unitary representation of order 1 of g(X, G) in L*(@{(X, Y)M ; 
dp,,,) such that for g in @(X, G), @ in L*(Q;(X,Y),; dpp,,,), x in 
~Xx, m&4 
Such representations have been constructed and studied only in the case of 
P-densities, i.e., in the case p in A”(X) = A(X) n P(X), at first in [7] for 
G = SU(2) and M= TX, then in [ 10, 1 l] for any G and M. In [ 11, the 
representations UP = U,,Tx, p E A”(X) were called energy representations. 
The aim of this section is to prove that the results about the irreducibility 
and about the inequivalency of the U,,, given in [2, lo] remain true with 
only continuous densities. 
THEOREM 1. Let X be a Riemannian manifold with dim(X) > 3, 
endowed with a Riemannian structure, let G be a compact semisimple Lie 
group, and let A”(X) be the set of continuous and strictly positive densities on 
X. 
(i) For any p in A’(X) and any nonzero subbundle A4 of TX the 
representation U,+, is irreducible. 
(ii) Let p,, p2 be in A”(X) and let M, , M, be two nonzero subbundles 
of TX; U,,,,, is equivalent to U,,,,, if and only $M, = M, and p, = pZ. 
Proof: (a) Let us consider first the energy representation U,, = Up,rx, p 
in .4”(X). The irreducibility of U, is proved in Theorem 2.1 of [ 2] in the case 
of a P-density p. In Theorem 2.3 of [2] it is also proved that for C”- 
densities p, , p2, U,, , and U,, are equivalent if and only if p1 = p2. In [ 21 the 
proofs of these two results are given in two parts. 
The first part, called “algebraic part of the proofs” does not require the 
smoothness of the densities. 
The second part requires the soothness of the densities in one point: in the 
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proof of Theorem 4.1 of the same paper; but, as it has been shown in 
Lemma 3, Section 1, results of Theorem 4.1 remain valid with only 
continuous densities. It follows that assertions (i) and (ii) are true in the case 
M = M, = M, = TX, and densities p, pl, pz in A”(X). 
(b) Let M be a nonzero subbundle of TX, let p be in /i”(X), and let M’ 
be the orthogonal subbundle of M in TX. It is easy to see that, for all g in 
@(X, G), 
%TAd = %,,(d 0 u,,,m 
The irreducibility of U,,, follows 
up = Up,TXT so that (i) is proved. 
(c) Assertion (ii) has been given in 
Let B be a Cartan subalgebra of 55 
g’(X, S) which are of the form 
hence from the irreducibility of 
[lo] in the case of (Y-densities. 
and let @ be the set of elements of 
i=p 
X: U-,1I(U)= ~ ai(U(Xi)), 
iY1 
for some xi in X and for some ai in the set d of roots of the pair (5, 3). 
By identification of @ with the disjoint union of the sets (XX A)&,, 
p = 0, 1) 2 )..., we endow @ with a natural Bore1 structure. Each density pk, 
k = 1,2, gives rise to a Poisson measure vk on @ in the following way: for 
each integer p = 0, 1, 2 ,..., the restriction V: of vk to the set (XX A)&,,, is 
equal to 
[P/b) Wx) 0 Nl BP3 
where iV is the counting measure [5, Chap. I and Appendix E]. Let mk be the 
standard Gaussian measure on g’(X, 3) associated to the inner product 
( , Yk’ on g(X, 3) given by (U, V) -+ (U, V)(k) = (dU,,, dV,,,,,),, (that last 
inner product being given in Eqs. (11) and (14)). 
The Fourier transform fik of mk and the Fourier transform fi,,,,,, of the 
standard Gaussian measure pPk,MX on $Z?;(X, ,!Y),,,,, given in (17) are related 
by 
Gk(U) = &,,M,(du>~ UE qx, 8). 
Now, let W, be the representation of the abelian group g(X, S) in 
L2Pi(X, y’>,,, 4Pk,Mkl given by 
wk(“) = Uok,Mk(exp u)p k= 1,2. 
It follows from Proposition 3.1 of [2] that the spectral measure of wk is the 
convolution mk * vk, and hence, as in the case of Cm-densities (cf. [2]), it 
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follows that U,,,,,, - U,,,,, if and only if M, = M, and if m, * v, is 
equivalent o m, * v2. As v, and v2 are equivalent he proof is hence reduced 
to solve the following problem: 
Let v be a Poisson measure such that v(0) = 0, and let M be a subbundle 
of TX; under what conditions are the convolutions m, * v and m, * v 
disjoint? In the case of Cm-densities, the answer is given by Lemma 3.7 of 
[ 21: they are disjoint as soon as p, # p2. As that lemma follows directly from 
Theorem 4.1 of [2], and as the validity of that theorem has been extended to 
the case of continuous densities in our Lemma 3, Section I, the conclusion of 
Lemma 3.7 of [2] remains true with only continuous densities. The proof is 
hence achieved. 
Note. Theorems 1 and 2 show that the family of (class of) generalized 
energy representations U,,, with continuous densities is strictly larger than 
the family of energy representations constructed by Ismagilov in [7] and by 
Vershik et al. in [lo] ( i.e., with only Y-densities). Moreover, it is not too 
difficult to see that if it could be proved that Lemma 2 of Section I remains 
true for bounded and locally dm(x)-measurable strictly positive functions on 
X, then Theorems 1 and 2 should remain true for such densities. 
III. CONSTRUCTION OF PARTIAL ENERGY REPRESENTATIONS 
In this section we shall assume that the manifold X belongs to the class X, 
of smooth manifolds for which the Euler number is zero. The aim of this part 
is to prove that, for such a manifold X endowed with a volume measure dm, 
it is possible to get many nonlocal unitary representations of order 1 of 
g(X, G), without needing to select a Riemannian structure on X. 
(a) Let X be a manifold in the class X,; a well-known result 19, 
Corollary 39.81 asserts that this condition is equivalent o the fact that the 
set Y’(X) of nonvanishing continuous vectorfields on X is not empty. 
Hence, as soon as dim(X) > 2, each element < of U”(X) gives rise to a 
nontrivial subbundle [<I = lJ,,, R<(x) of the tangent bundle TX, with l- 
dimensional fibers. 
We consider now the space C,(X, Y) of compactly supported and 
continuous functions on X and taking values in the Lie algebra .Y of a 
compact semisimple Lie group G. For any p in A(X), we define an inner 
product ( , ), on C,(X, F) by 
(19) 
where, as in Section II, ( , )c is the scalar product on .Y invariant by the 
adjoint representation Ad of G in .Y. Let r be in Y’(X); < gives rise to a 
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continuous linear mapping {from 29,(X, .Y) into C,(X, 2?) such that for all 
w in @,(X, 5’) 
For all g in g(X, G) the operator A(g) on C,(X, g) given by 
(A k> U)(x) = Ad &W(x)), U E CoK g), x E x, (21) 
leaves invariant the inner products ( , ), , for all p in A(X); hence one has a 
unitary representation A : g + A(g) of g(X, G) in the prehilbertian space 
[C,(X, r), ( , >,I. Moreover, 
LEMMA 4. Let < be in U”(X); f or all g in 68(X, G) one has [o V(g) = 
A(g) 0 p. 
Proof. Let us recall that the representation V of g(X, G) in gl(X, g) is 
given by 
(V(g>w>(x> = Ad g(x) 0 w(x), w E 621(X, q, x E x. 
[(& V(g)W)l(x) = P-W~)(xK(x)) = [Ad g(x) 0 4x>lW>> 
= Ad &)kWMxNl = [4s)@4)lW 
Let Im(f) be the subspace f(@,(X, 5)) of C,(X, Y), let A, be the mapping 
assigning to each g in G@(X, G) the restriction of the operator A(g) to Im(& 
and let b’ = f~ b, where b is the Maurer-Cartan cocycle (Section II, (16)). It 
follows from Lemma 4 that: 
COROLLARY. Let p be in A(X) and < be in U”(X); A, is a unitary 
representation of@(X, G) in the prehilbertian space [Im(& ( , ),I@ which 
b[ is a l-cocycle. 
(b) Now, following the general procedure described in [5] to get 
unitary representations of exponential type, let us extend by transposition the 
representation A, to the algebraic dual space Im@*, and p being chosen in 
A(X), let p’p be the Gaussian measure on Im(n* with Fourier transform 
,L?~: U-+ exp[- i(U, U),]; then we get a unitary representation nLd,,,, 
nonlocal and of order 1, of @(X, G) in L*[Im(o*; &,,I such that, for all g 
in kb(X, G), all @ in L*[Im(o*; &,I, all x in Im(n* 
nidm(g) WI = evI@'(g)9x)l @(A&-')x). (22) 
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(c) We have achieved then nonlocal and order 1 unitary represen- 
tations of 22(X, G) which do not require a Riemannian structure on X, 
contrary to the ones constructed before. 
A first problem is the following: What is the relationship between the 
generalized energy representation U,,, and the “partial energy represen- 
tations” l7: dm, when dm is the volume measure given by a Riemannian 
structure on X? The answer is given by 
THEOREM 2. Let X be in the class X, endowed with a Riemannian 
structure and let dm(x) be the corresponding volume measure. An element < 
of Y’(X) and an element p of A(X) being given, the representation Ii’:,,,, is 
unitarily equivalent to the generalized energy representation UDI, 161, where pr 
is the density x --t pr(x) = 1 &x)1: - p(x). 
Proof. Let us recall that [<I denotes the subbundle U,,, I?<(x) of TX, 
and that ] Ix denotes, for all x in X, the Euclidean norm on T,X induced by 
the selected Riemannian structure on X. 
(a) Let us first prove that r’ restricts oneself in an isometric bijection 
from the prehilbertian space [gl(X, g)U,, ( , ),,I onto the prehilbertian 
space [Im(C), ( , ),I. Let U be in Im(r), and o in @,(X, P) such that 
&CO) = U. The orthogonal projection w tI1 (cf. (13)) of w onto the subspace 
92,(X, .Ql is such that f(o,,J = f(w) = U, moreover each w in B,(X, JQ,- 
is fixed, for all x in X, by its value at r(x), hence by f(o). It follows that r 
restricts oneself in a bijection from gl(X, .Q1 onto Im(o. 
Now let pr be the density: x -+ I<(x)]: - p(x). For cu in @,(X, S’)ral 
(completely fixed by the values w(x)(Qx))) for all x in X one has 
tr(w * (x) - o(x)) = 
( w*(x) * 4x) (&w)&/~))G 
=I& 
+4xMx))9 4xMx)>),* 
Hence 
= I x (&4(x)9 &W)G P(X) dm(4 
It follows that z is an isometry from the prehilbertian space [gl(X, P)[ll, 
( , ),,I onto the prehilbertian space [Im(& ( , ),I. 
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(b) Let us again denote e the extension by transposition of f which is a 
morphism from Im(o* into g;(X, Y)ra given by 
<&>T u> = 013 4(4), x E Im(O*, w E gl(Z y?)rsl. 
It follows from Lemma 4, that for all g in g(X, G) 
Now, let T, be the operator from L2[~I(X,~),I,;d~pI,[I,] into L’[Im(f)*; 
4, dm 1, given by 
CT, @x.x> = @b%)>. 
From the above discussion it follows that T, is an isometry of Hilbert 
spaces. Moreover, for all g in g(X, G), @ in L2[g;(X, F)rn: dp,l,flI], and x 
in Im(Q* 
Tl. &,,,,,k> W = expV(&), b&d)1 . @I6 bI(g-‘)xI; 
as (f(i), b,,,(d) = 01, &b,&))) = 01, r”(W)) = 01, b”(gD3 and as 
4. Vt&‘) =A,(g-‘) . z it follows that 
Tl . q,, [l](g) ax> = ~LM(T~ @>W 
Hence T[ intertwines UDI, I, and L7: dm. 
As a corollary one has: 
COROLLARY. Let X be in the class X,, endowed with a Riemannian 
structure with volume measure dm(x), and such that dim(X) > 3. Let 
p,p,,p2 be in A”(X) and let <, <,, r2 be in Y’(X): 
(9 Kim is an irreducible unitary representation of 92(X, G); 
(ii) l7:; dm and IIitdrn are unitary equivalent if and only ly, for all x in 
X, 
<2(x) = f \lm r,(x). 
Proof: Condition (i) follows directly from Theorem l(i) and from 
Theorem 2. 
(ii) From Theorems 2 and I(ii) one has L7i1,dm - Li$*,, if and only if 
[<,I = [<,I and pr, = pL2. But [<,I = [<,I if and only if a continuous mapping 
8: X+ R exists such that & = 13 . rr. From the equality pr, = pIz it follows 
that for all x in X 
IMXX *P,(X> =ILwl: *P*(x)= I f%)l * IWI P,(X)* 
Hence the assertion is proved. 
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IV. STUDY OF l7:,,,, IN THE GENERAL CASE 
FOR CONTINUOUS DENSITIES 
As in Section III, the manifold X is taken in the class X,. The natural 
question arising now is the following: When X is not endowed with a 
Riemannian structure (in that case U,,, does not exist), does the corollary of 
Theorem 3 remain true? 
The main goal of this section is to give an affirmative answer in the case 
of continuous densities. 
(a) Let T be a maximal torus in G, with Lie algebra -Z, and let X1 be 
the ortho_gonal complement of B in Y. For a given r in P’(X), Im(g _Z) 
and Im(<, Z1) denote the subspaces f(g,(X, 8)) and &Z,(X, a’)) in 
C,(X, Q The related Gaussian measures on the algebraic duals Im(z Z)* 
and Im(<, Z1)*, associated to the density p, element of A’(X), are respec- 
tively denoted pf and pb’. It is easy to see that 
L’[Im(~)*;&,] =L’[Im(~%)*;&~] @L2[Im(~%‘)*;d~~‘], (23) 
and that, for all U in g(X, 8) 
b”(exp U) = r((dU). 
It follows that the operators @,,(exp U) have the form 
flLkw u> @Vi) = expMW9~x)l @[A&-w U)xl. 
Hence, for all U in @(X, -Z), one has 
fl: dexp u) = W,(QW) 0 W,i(w u), 
(24) 
(25) 
where J-&W) @k> = exp{i(T”(dU),x)} Q(x), @ E L*(Im(E -Q*; @,S), 
x E Im(& X)*, and where W,l(exp U) @k) = @(A,(-exp U)x), with @ in 
L*(Im(E Z’)*; &,“‘), x in Im(z %‘)*. 
Now using the same argument as in Lemma 4, Section 4 of [9] and 
Section 3 of [2], one easily shows that one has the direct integral decom- 
position 
@,,(exp U) = I,” W,(@U)) eiXcu’ dvk), (26) 
where Qi, as in the proof of Theorem 1, Section II, is the set of elements of 
Q?‘(X, 8) of the form 
i=p 
X: U+X(u)= C ai(u(xi)), p = 0, 1) 2 )...) 
i=l 
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Gli in the set A of roots of the pair (.V, Z), xi in X, and where v is the Poisson 
measure, such that by identification of Qi with UF=,(X x A)&,,,, the 
restriction VP of v on (X x A):,,,,, is given by 
VP = [p(x) dm(x) @ N] Qp, N being the counting measure. 
By a standard argument, as for the study of the U, in [2, Sect. 3, 
Proposition 3.11, one gets 
LEMMA 5. The spectral measure associated to the restriction of Ilk,,,, to 
!?Z(X, T) is the convolution pf * v. 
We have now the crucial 
LEMMA 6. Let v1 and v2 be two mutually disjoint probability measures on 
@; then pf * v, and ,uf * v2 are disjoint. 
Proof: This result is proved in Lemma 3.2 of [2] for a Cm-density p, and 
where, instead of the Gaussian measure ,u,“, one takes the Gaussian measure 
m on g’(X, 3) associated to the inner product (V, V) + (dU, dV), . For that 
proof, one shows first that one can assume that dim(Z) = 1. In [2] it is 
shown moreover that Lemma 3.2 is a direct consequence of Theorem 4.1 of 
the same paper about Gaussian measures given by the Dirichlet forms of the 
form 
(u,V)+Jn~%j(X)$-$ydx~ 
J 1 
for some bounded open cube, the matrix valued function A = (ai,j) being 
given by the Riemannian structure. Using an analogous way, we get such a 
Dirichlet form, where ai,j = a, . aj, the a, being the components of < in R 
In fact, let u and v be in 9(0, IR) 
OJ, vlp = (%W, &W) 
= I Wx)(W)) - Wx)W)) dx 0 
= 1 p ai@> g) (C a&) g) dx 
Cl i I j 3 
= ai(x) aj(x> $y $y dx- 
J 1 
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Now, applying Lemma 3 of the Section I (which extends the validity of 
Theorem 4.1 of [2] to continuous densities) in the same manner as in the 
proof of Lemma 3.2 of [2], we get our Lemma 6. 
THEOREM 3. Let X be a manifold in the class ;X, endowed with a volume 
measure dm(x), and let G be a compact semisimple Lie group. If dim(X) > 3, 
for all r in Y’(X) and all p in A’(X), the representation II:,,,, is irreducible. 
ProoJ (a) By Lemma 6 and [ 11, Lemma 2, Sect. 51, it follows that the 
cornmutant of ZZL,,(@(X, 7)) is contained in the set of decomposable 
operators of the integral decomposition (26). Hence, using the proof of 
Theorem 2.1 of [2], one easily proves that the restriction of ZZ:,, to the 
cyclic component of the element Q” E 1 of L’(Im(f)*; dp,) is irreducible. 
(b) The proof of the irreducibility of DE,,,,, is hence reduced to the proof 
of the cyclicity of @‘. From Corollary 3.4 of [2] it suffices to prove that the 
set 
is total in Im(a. But, from Lemma 3 of Sect. 5 of [ 111, one knows that the 
set { V(g)(dU), g E @(X, G), U E g(X, G)} is total in g,(X, g). The 
assertion follows from the fact that @,(X, .Y)) = Im(n. 
THEOREM 4. Let X be in X0 with dim(X) > 3, endowed with a volume 
measure m, and a compact semisimple Lie group G being given, let <, , & be 
in go(X) such that [&I = [&I, and let p, ,p2 be in A”(X). IIi;dm and II:,,,, 
are unitarily equivalent if and only iffor all x in X one has 
Proof. (a) [r,] = [<,I if and only if a continuous mapping A: X+ R 
exists such that for all x in X 
r*(x) = 4x1 r,(x)* 
Because of the continuity of A and the fact that r,(x) # 0 for all x in X, 
either 1 or --A is strictly positive. 
(b) Let us consider the Dirichlet forms induced by the pairs (r, , p,) and 
(&, p2) on some bounded open cube Q of R”, n = dim(X): if a,, a2 ,..., a,, are 
component functions of r, in 0, these Dirichlet forms are a,, a2 such that 
580/54/l-2 
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and 
%(% u> = j z P2Cx) n2(x> ai aj(x) $ $ dx9 
fl i,j J 1 
which shows that the first is associated to the density p,, and the second to 
the density p2 9 A*. The proof is now analogous to that of Theorem l(ii): as 
Lemma 3.7 of [2] is a corollary of Theorem 4.1 of [2], the extension of 
which is our Lemma 3 in Section I, Lemma 3.7 of [2] remains true for 
continuous densities. Hence it follows that if the densities p1 and p2 - A* are 
different, the Gaussian measures pp”, and ,uz.A2, for any Cartan subalgebra 
of F’, have the following property: for any bounded measure v on @ = 
Upmll(~ x 4&ll~ cl,“, * v is disjoint from ~z.~~ * v and from ~l~:.*~. One 
deduces that 172,dm and lZiid,,, are equivalent if and only if p, = p2 . A*, 
hence, taking into account part (a) of the proof, if and only if 
+> = f dm for all x in X. 
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